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Abstract 

It is shown that real zeros of Pv (xj = 0,-1 < x< 1 regarded as a function ofv are simple zeros. 
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Una nota sobre los ceros de las funciones 
de Legendre 

Resumen 

Se demuestra que los ceros reales de Pv (xj = 0,-1 < x < 1 considerados como función de v son ceros 
simples. 

Palabras claves: Legendre , ceros, orden . 

It Is welI known that the roots of Py (~ =O, '=~ (1)- ax ' (v real, -1 <x < 1) regarded as a functlon ofx are 
simple, Hobson 111 (p.385). MacRobert 121 (p.84). 

Differentlatlng thls equatlon wlth respectWhat does not seem to be well known ls that the 
to the pararneter v gives zeros of Py (~ regarded as a functlon of real v are 

also simple. We shall give a simple demonstra
tion of this fact. (2) 

Theorem MultlpIying (1) by apv ¡dv and (2) by Py gives 

Given that Vo ls real and 

~) =O, for -1 < ~ < 1, -00 < vo < 00 ,PYo (
(3) 

then 

aPy (x) 
respectlvely.~~Oatx=~, v= vo. 

Proof 
Subtracting equatlon (4) from (3) gives 

(5)Tbe Legendre equatlon for Pv (xj can be 

wrttten as 

lntegrating both sides of (5) from Xo to 1 gives 
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(6) 

The expression (6) reduces to O = O for v =-1;2 

and the equation Is nugatory. To see why the 
left-hand side of (6) vanishes Identically for 

V=-lí,z we shall use the Mehler-Dirichlet integral 
Hobson (lJ p.26: 

Py(X¡ = ~r -1 

x cos(v + 1;'l)1~ dt, -1 < x < l. (7) 
7t o !2(cost - x¡1 

Thus we have by legttimate dUferentiation with 
respect to v 

- 1 

oPy(X¡ '" _ ~r x t stn(v + h~t dt. 

av 7t o 12(cost - x¡1-'2 

Hence we obtam the tnteresting result that 

(8) 

Thus we shall constder the case v = -1;2 separa
tely later. 

We now make use of the series repre
sentation for Py(X¡, Hobson 111 p.2 1, p.223 

l+ x
PiX¡ = F(-v,v + 1:1; - 2- )' 11 - .xl < 2; 

v(v +1) 	 2.. = 1 - - 2- (1 - ~ + 0(0 - ~ ) , 

oPy(X¡ (2v + 1) 	 2 
~ = - 2 (1 - X¡ + 0«(1 - X¡ ) . 

Thus Cor the u pper l1m1t oC the expresslon 
on the left-hand slde of the equallty sigo of 
equation (6) we have 

2 { CJPy(X¡ ap.jX¡ ¡'PV<X¡} _ 
(l - x-) dv ax - PvCX¡ oxiN - O . 

as x-+l; 

andby usingthe fact that R o(Xo ) =Othis reduces 
the expression (6) to 

o~(~) 	 ~ 
(l -	 ~) ;. P'y (~) = (2vo + 1) J ~ (X¡dx.

o o 1 o 

Now it is welJ known that If PYo(X{:¡) =ü then 

oPv (x) I¿ *o . Hence we have 
'»<-'0 

For the sltua tion Vo =- l,.-2 it Is obvtous from 
the integral representation 

-1 
~cosx dt 

P- 1-'2(X¡ =~ fo ..J(cost - X¡ , 

that 

P-14X¡ ~ O. -1 < x < 1. 

Acknowledgments 
1 would l1ke to thank Dr Adam Beagles. 

fonnerly of Brunel Unlverslty. for posing a ques
tion. whlch arose in connection with the work 
[3). and that Is answered in thls paper. 1would 
also Uke to thaok a referee who raised a point 
whlch led to a simpl1fication of the proof. 

References 
l . 	 Hobson. E.W., The Theory of Spherical and 

Ellipsoldal Harmonics. Chelsea. New York 
(1 965). 

2. 	 MacRobert, T.M., Spherical Harminics, Per
gamon, London (1967). 

3 . 	 Beagles, A.E. and Sándlg, A.-M. Singulari 
ties of rotationally symmetric solutions of 
boundary value problems for the Lamé equa
tion . lAMM 71 (1 99 1) 423-431. 

Recibido el 26 de Julio de 1994 

En fonna revisada el 10 de Enero de 1995 

Rev. Téc. Ing. Univ. Zulla. Vol. 19. No. 2 . 1996 


