
Rev. Téc.lng., Univ. Zulia 
Vol. 1, N° 1,1978, pp. SS -58 

Impreso en Venezuela 

Yudell L. Luke 

Mathematics Department 
Universiry of Missouri 

Kansas City, Missouri 64110 

U.S.A. 

RESUMEN 

Úl aplicación rk la aproximación P~ a G: 2F¡ (7 

el ¡1i - /( (i» conduce a mejores aproximaciones y desigual
dades para G y también para /ofunción F: 2 F7 (7, a j e; -z ), 
/o.s cuaJes son consükrah/emente mejores que aqu~/ku que se 
obtietum diroctamente rk F. Se ilustran los resultados para 
arctonzyln(1 + z). 

1. SUMMAR ANDINTRODUcnON 

ln previous works [1, 2] ~ sho-wed tilat me first sub

rnagonal and main diagooaJ Padé approximation<¡ for 

f; =2 F 1 ( 1, o ; e; - z) give Lower and upper bounlk, respec

tivcly for F whenz > Oand suitable restrictioos are placed on 
a anJ c. Now for eertain values of a and e, there are availabIe 
quadrati transformation formulas such that F is imp1ey 

related to die forro G =2 Fl (1, a. ;'Y'; - k (z)) where k (z) 
is a functioo of z. The eonvergenee properties of G are vastIy 

superior tú tha.e for F sinee 1 k(z )1 <1 z 1, z suitably restric
ted. Thus application of the Padé approximations notro 
aboye when applied to G leads to powerful approximations 
and inequalities for G and so also for F which are noticeably 
improved over thase obtained direcdy from F. The results 
are illustrated for are tan z and In (1 + z ) . 

Some Approximations 
and Inequalities for Are 

Tan and Ln 
(Recibido el13 de Diciembre, 1977) 

SUMMARY 

71Je a(>plication 01 the Podé approximations whe71 applied 
lo G:? 1) (7 el; r¡-k (z») lead.s to powerful approxj

matwns and itlequaJities lar G and so also lar F = 2 f 7 (7,a j 

e; -z ), uhicb are considemhly improved over tbose ob
tuitwd directlylrom F. The resrdts are iilustratedlar are tan z 
alla In (1 -1- z). 

2. APRROXIMA110NS AND INEQUAUTIFS FOR 

2 Fl(1,o;c ; -z) 

Coosider 

F ( z ) = 2F1 (1,o;c;-z ). (L) 

~t 

(2) 

where{ A n (z ) / Bn ( z ) } is tbe first subdiagonal Parlé ~ 
proximatioo for F(z) and U ( z) is theerror. Again, let 

n 

F(z) =-C Gn( z )/O n (z}J- + Yn ( z), (3) 



Mtere -( 6. (,) / Dn (, )} i.s the main diagonal Padé ap
proxirnation ÍDr F(z) and vn (z) i.s me error. Numerous 
dLui1s roncem.ing the polynomials in these Parlé ~
l1'IItticlm and the errors are detaiJed in my wlumes L1, 2] . 
For the mast pan these data will not be repeated here. For 
our present~. ~ need oo1y the inequality 

(4) 

with equality if z::. Oor a = Oexcept that ifz = O , e,.1I:clude 
the left hand inequality unless n> O. 

Other conditions for the validity of (4) as is or oí (4) with 
inequality signs reversed are glven in the sources cited. 

In ¡mtirular, we have 

AJ(z) :', ~ (z) : 1 + 01 le 

2 (o ... 1) o)
'A2 (2) : 1 • ( e + 2 - e Z, 

... (o + 1 ) oz2 
(c+2){c+ 1) , 

(e - o)z (o ... 1)% 

c,(z) :' 1 +- , 0, (z) :' 1 + ( e -+ 1) ,


e(e+-1) 

( 
o)2 10+2)Clll=1 . ~--- - l +

2 ( e+- 3) e 

(_(o.1)(at-2) _ 20 (o+2) 0{0+11)2+ z 
\':: (0+2)(0+3) c(C+3) e (e+- 1) 

and further approximants can be found after me manner in 
the cited references. 

3. APPROXIMAnONS ANO INEQUALITIES FOR 
ARCTANZ 

We fust derive a quadratic transformation formula for 

are tan I:Z F (.!. l' 3/2 . - 2) (6)
2 I I Z • 

Consider [1, Vol. 1, p. 92, Eq. (1)] or [2, p. 270, Eq. 
(lfl with 

1 (7) 
( W-l 2-2 z reploced by- -z-)wherl W={l+z ) 

Then 
20 

2 F 1 (o I o + ; ; c, - z 2 1= (1 !W1 

l-WII (20,20-c+l;c;l+w) ( 8 ) 

-20 . W-l 
= W 2 Fl (20,2c-20-1,c, 2 W 

in virme of a Kurnmer tranSformatian formula Now put a 
o = ~ ,TIle 2 F 1 on the right can be expres ed as 1 plus 

another 2 F 1 to which we applya Kurnmer transformation 
hrmu1a We o obtain the desired fonn 

2 
l . . 2 1 (W-l) (c-l) 

2 Fl(l'2'c,-z l=v¡+ 2 
Z Wc 

2
II (l,2_C;C+l; _ (W;1) ), 

2 2
lorg(l + z ll< TT ,Z *-1, ( 9 ) 

\\-hich with e = 3/2 gives Z - 1 arc tan z. Note thar {( ... -1 ) 
/ z :r vanishes if'l. - O and mcreases monotonicaJly lO 1 as 
Z -. IX). The Pade approximations Cor the 2 F 1 on the right 
ham) side of (9) lead to pow{'rful approximations fOT tht! 
2 F 1 on the leh anJ these approximations are \'astly su
perior t the correspomling Parlé approximaúons fOT the 
2 f' 1 on the left hand sic..le oC (9). Application oí the results 
in Section 2 to (9) wíth e = 3/2 yiellls che foUo\\.wg a¡r 
proximations and inequalities {ur are tan z. 

-bG

http:foUo\\.wg


-51

-1 -1 -1 
z L~ z ore ton l~Z R, z~O, (10 ) n 	 n 

2 
L :.!..+ 10v z 


1 w 3w(l+5 


R =~ + 2 '1
2 

z (8l+ 35) 
(11) 

1 w 3w(l5v2+ 35) 

w-l z 2 1. (12)v=-=-l,w;(l+z )2,z w+ 

z 
L - + ------------------ 2 w 

15w(y4+ 14v 2+ 21) 

1 2v 2 z (64'14+ 819'1 2+ 1155) 
R = -- +

2 w 
105w(Sv

4+ 30'1
2 + 33) (13) 

The inequalities become exact as z -+ O. lfz = 1, 've find 

1 

L = 41(2)2_ 25 : O 78530 372<rr/4 

1 42 


: 0.78539 81634 

1 

811(2)2_605 
: 078540 174, 

690 
1 

325(2)2_ 224 
L : 	 : 0 .78539 80259<lT/4

2 300 
1 

"2 


<R = 53301(2) - 38104 = O 78539 81687.2 47460 

If z~+(I)Jz/w-1 and '1-1. So 

L : 14/9 = 1. 55556< TI /2
1


= 1.57079 633< 118/75 : 1.57333, 


L 	 : 212/135= 1.57037 037< TT/2 < 
2 

R2 

2804 
:--- = 1.57086 835. 

1785 

4. APPROXIMATIONS ANO INEQUAUTIES FOR in 
(1+ z) 

Wc first get a quadratic transformation fonnuJa far 

1n (1 + z ): Z II (1.1; 2; - z ) . (14) 

Consider [l. Vol. 1, p. 93. Eq. (8)) or [2 p. 271. Eq. 
(8)] with a = 1 aod z replaced by -z/2. Applya Kummer 
transfonnation fonnu!a to the 2 F Ion me right hand side of 
me resulting equation, aod so obtain 

2 
(z +2)loq,n+z)l< TT, lorg 

(z +1 


(15) 

and wit:h b = 1, \\e have a formula forz-lln( 1 + 1) .Ap
plication oí the results in Sectioo 2 yields tbe following ~ 
proximations and inequalities. 

L < 'n(l+z)~ Rn ' Z) 0 , 	 (16)n
3z(z+2) z(z+2)(2y+15)

L = --:----:-:---~, R : 	 ,
1 2(z+1)(2y+3) 16(z+1)(~y+5) 

(17) 

Y:Z2/4(Z+I), ( 11) 

5z(z+2)(10y+2.1 ) 
L 

2- 6(z+1)(8y2+40y+35) 
2 

z(z+2)(8y+210y +315)
R -	 (19)

2- 30(z+1)(eI+28y+21) 

These inequalities become exact as z - O. 

In illustration, with z = 2, we have 

12 
Ll : ~1 = 1 .09091 < In 3 =1.09861 2289< 


188 

Rl : ~: 1.09941 

L = 1460 = 1.09857 0354 < In 3 < R 

2 1329 Z 


13892 
=--- = 1.09861 6054. 
12645 

We now get another quadmtic transformation formula for 
the logarithm whicb is even more po~ than (15). Con
sider [1,Vol.l,p.93,Eq.(7)] oc [2, p. 271,Eq. (7)] 
with l repla ed by -z. Apply a Kummer transfOl'IrultÍon for
mula to the right hand sirle oí thi<. equation. Tben 

-b 
2 Fl(0,b;2.0;-z):u 2, Fl 2. 

(b 2 -b ' +.!. _ (1-u) 
, a ,o 2' 4u ) . 

1 

u=(1+z)2. larQ (1+z)I<TT, 

lonl(1+u)2/ u1 <TT, (20) 

and if 8= b::. 1, Wl! have ao expression for z -1 1n (1 + z ) 
Application of the results in Section 2 yields the following 
approximations and inequalities. 

Ln< In{l+z) ~ Rn' z > O, (2.1) 

6z 	 1(/+28u+1) 
= --2----' Rl :L 1 	 2 

u + 4 u +1 6,,(u+3,,+1) 
2, (2 Z)

5z{5u +32u+5)
L : 

2. 4 3 2,
3(u +16u+36u +16u+1 ) 
432 

Z(U + 101u + 426u + 10h + 1 ) 

l5u(u~+10u3+ 20,,2,+ 10u+ 1) (2. 3) 



These inequalities become exact as z - O. 

In illustration, witb z = 2, ~ get 

1 
2

3(3 .1)
L	 : ---Z--: 1 .09807 6211 <

1

In 3: 1.091561 2289 

1 

4(59(3)2. 75 ) 
: 	 1 .09862 6168,< 	 R :

1 99 

1 
2' 

20(312(3) .473 
L : 

2 1227 

: 1.09861 2094 ( In 3 

1 
"2 

4(1042(3) -1143) = 1.09861 2293: 
< R2 = 225 

Shafer [31 initiated the technique al quadratic ~ 
proximatioo and in illustratioo shom; that 

el 
arctanx= 	 • +€(I),X>O . 

Jo 

:3 	 +(25 + 801 2/ 3 )Y (24) 

It can be proved that e I ( 1 l> ofon > oand meE (Id 

=Otor x = 0, (24) gives a1eft hand mequalityfor are ranx 
when 1 ~ o.€ (II )increases mODOtooically for O~ • < al, 

and e (JI) -+1.5492 as 1 -+ ID. For acomparable situation 
note that when JI -+ G:I , then from (11), L 1 ~ 1.5556. 
Since the true value is TT/ 2 I we see that the 1eft hand me
quality (10) with D =:; 1is superior. 
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